Abstract Dengue fever has rapidly become the world's most common vectorborne viral disease. Use of endosymbiotic Wolbachia is an innovative technology to prevent vector mosquitoes from reproducing and so break the cycle of dengue transmission. Note that the success of different strategies, such as population eradication and replacement, needs to choose different augmentations of Wolbachia infected mosquitoes, and not all field trials of mosquito releases can succeed. So a four dimensional pulse differential system, incorporating the effects of cytoplasmic incompatibility (CI) and the augmentation of Wolbachia infected mosquitoes with different sex, is proposed to describe the spread of Wolbachia in mosquito populations. We evaluated a series of relevant issues regarding the system, including tackling questions such as (a) how each parameter value contributes to the success of population replacement? (b) how different release quantities of infected mosquitoes with different sex affect the success of the two strategies? And (c) how the success of population suppression or replacement can be fulfilled to block the transmission of dengue fever? The analysis of stability, bifurcation and sensitivity reveals the existence of forward and backward bifurcations, multiple attractors and the contribution of each parameter on the success of the strategies. The results indicate that initial density of mosquitoes and the quantity of mosquito augmentation on different sex have impacts on whether or not the strategies of population suppression or replacement can be achieved. Therefore, successful strategies rely on selecting suitable strains of Wolbachia and carefully designing the programme of mosquito augmentation.
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Introduction
Dengue fever is one of the major public health problems in tropical and subtropical regions, where almost 400 million infections are estimated to occur each year (Bhatt et al. , 2013; Lambrechts et al. , 2015) . People may be infected with dengue more than once because it is caused by any one of four related viruses (DENV1-4) which is transmitted by mosquitoes, especially Aedes aegypti and Aedes albopictus (Rigau-Pérez , 2006) . Dengue fever itself is rarely fatal, but more severe forms, dengue haemorrhagic fever (DHF) and dengue shock syndrome (DSS), cause 22, 000 deaths annually (WHO , 2012) , and mostly among children. In the absence of licensed vaccines or therapeutic drugs, valid prevention of dengue diseases is restricted to the control of the main mosquito vectors. However, traditional control measures have some drawbacks more or less. For example, the extensive use of insecticides may lead to insecticide resistance and major toxicological effects on human health and environment (Ritter et al. , 1995; Zhang et al. , 2015c) . Another common approach is source reduction of mosquito populations which involves the destruction of mosquito oviposition sites. But it is hard to sustain such interventions successfully over large areas (Lambrechts et al. , 2015; Burattini et al. , 2008) .
The augmentation (release) of mosquito populations carrying particular strains of endosymbiotic Wolbachia bacteria is proposed to be a promising novel approach for dengue control that has been advanced in field trials (James et al. , 2011; McGraw et al. , 2013; Hoffmann et al. , 2011) . It has been estimated that Wolbachia can infect up to 65% of insect species and approximately 28% of the surveyed mosquito species (Werren et al. , 2008; Kittayapong et al. , 2000) . They mainly live in the reproductive organs of their hosts, and they can interfere with the insects' reproductive mechanisms, through the processes such as maternal transmission, cytoplasmic incompatibility (CI), male killing, feminization and parthenogenesis, to facilitate their own survival. CI occurs when Wolbachia infected male insects mate with Wolbachia uninfected females which will produce non-viable offsprings, while other mates cannot be affected. These female biased reproductive manipulations can drive a high frequency of Wolbachia infections in wild populations (Hoffmann et al. , 2011) .
In practice, two strategies have been proposed: population suppression (eradication) and population replacement (Wolbachia infected insects established and replacing Wolbachia uninfected ones). The success of the two strate-gies depends on the selection of Wolbachia strains and the design of the augmentation of Wolbachia infected mosquitoes (Bull and Turelli , 2013) . Based on CI, the strategy of population suppression can be realized if only Wolbachia infected males are inundatively released, as the successful suppression of Culex pipiens populations in field tests (Laven , 1967) . Some Wolbachia cannot only successfully spread within mosquito populations but also may act as a 'vaccine' to stop mosquitoes from replicating and transmitting dengue virus Hoffmann et al. , 2011) . So based on the mechanisms of CI and matrilineal inheritance, the strategy of population replacement can be achieved by inoculative releases of Wolbachia infected mosquitoes (Hoffmann et al. , 2011; Walker et al. , 2011; Turelli , 2010; Yeap et al. , 2011) .
The potential of Wolbachia strains as agents for the biological control of pathogen transmission has drawn attention from both biological and mathematical researchers. Recently, researchers in some countries have released or intend to release mosquitoes infected with different strains of Wolbachia bacteria to block the spread of dengue virus. The first open releases of wMel Wolbachia infected mosquitoes were carried out in Yorkeys Knob and Gordonvale in north-eastern Australia in 2011 (Hoffmann et al. , 2011) . Hoffmann et al. (2011) described how the wMel Wolbachia infection successfully invaded into two natural A. aegypti populations, reaching near-fixation in a few months. They also demonstrated that the frequency of Wolbachia infected mosquitoes needs to exceed 30% for invasion. Based on the success of these field trials in Australia, mosquitoes infected with wMelPop and wMel Wolbachia were also released in Tri Nguyen Island, Vietnam, in April 2013 (failure) and May 2014 (success) (VED , 2014) . Moreover, there have been other open releases of wMel mosquitoes in Yogyakarta in Indonesia, Rio de Janeiro in Brazil and elsewhere.
Note that mosquito augmentation does not always occur as 1:1 sex ratio of male to female. In 2014, the worst ever dengue outbreak is occurred in Guangdong province, China, with more than 47, 000 cases (The Guardian , 2015) . Compared with the open field trials in other countries, there are two procedures for the releases of Wolbachia infected mosquitoes in Shazai Island, in Guangzhou. At first, since Mar. 12, 2015, only Wolbachia male (sterile) mosquitoes were openly released with three times a week, and every time about 70, 000−100, 000 sterile mosquitoes released, to significantly reduce the density of Wolbachia uninfected female mosquitoes (population suppression). In order to fulfill a better suppression, the ratio of sterile male mosquitoes to wild males was kept as 5 : 1 so that the mating rate among uninfected females and sterile males was over 80%, and then their offsprings would not been hatched. Next, Wolbachia infected female mosquitoes will be released for the success of population replacement. Moreover, not all open field trials of mosquito augmentation can been successful in the end. In this study, it is necessary to develop a four dimensional impulsive model to investigate the effect of the augmentation of Wolbachia infected mosquitoes with different sex on the success of population eradication or replacement for the control of dengue transmission. Based on the model, we evaluate a series of relevant issues, including (a) how each parameter value contributes to the success of population replacement? (b) how different release quantities of infected mosquitoes with different sex affect the success of the two strategies? And (c) how the success of population suppression or replacement can be fulfilled to block the transmission of dengue fever?
The paper is organized as follows. In Section 2, based on previous works, we introduce the augmentation of Wolbachia infected mosquitoes with different sex at regular pulse moments as a four dimensional impulsive system. The stability and permanence of periodic solutions of the system with perfect transmission rate is proved in Section 3. In Section 4, the existence of forward and backward bifurcations is investigated by employing the bifurcation theory of Lakmeche and Aarino (2000) . In Section 5, we employ sensitivity analysis to evaluate the contribution of each parameter on the two output variables, then we study the effects of initial density, pulse period and the quantity of mosquito augmentation with different sex on the success of the two strategies by numerical simulations. Some discussion is given in the last section.
Model formulation
In recent years, different mathematical models have been proposed to analyze the spread of Wolbachia in populations, including discrete time models (Turelli , 1994; Vautrin et al. , 2007; Haygood and Turelli , 2009) , continuous time models (Farkas and Hinow , 2010; Keeling et al. , 2003; Schofield , 2002; Hughes and Britton , 2013; Zheng et al. , 2014) , stochastic models (Jansen et al. , 2008 ) and impulsive models (Zhang et al. , 2015b,c) . From Keeling et al. (2003) , the total density of mosquito populations P is subdivided into four classes, uninfected females F U , infected females F I , uninfected males M U and infected males M I . We first assume that uninfected and infected individuals have different natural birth rates, denoted as b 1 and b 2 , respectively, and the same natural death rate d. But infected individuals have an additional fitness cost D(d + D > 0), either disadvantageous (D > 0) or advantageous (D < 0) depending on mosquito species and Wolbachia strains (Zhang et al. , 2015b) . The bacterium is mostly passed from infected females to their offsprings with a probability τ ∈ (0, 1]. The effect of the CI mechanism results in zygotic death of potential offsprings with a probability q ∈ [0, 1] when an infected male mates with a uninfected female. Then we have the following model.
In order to study the effect of mosquito augmentation on the control of dengue transmission, the dynamics of mosquito populations with continuous augmentation of Wolbachia infected mosquitoes was developed by Zheng et al. (2014) using delay differential equations. They denoted F R and M R as the densities of Wolbachia infected female and male mosquitoes released, respectively. Then the dynamics of the released populations was modeled by the following equations.
The dynamics of the other four cases of mosquito populations was the same as in model (1). Similarly, Zheng et al. (2014) proved that there existed a threshold for the success of Wolbachia invasion. They also investigated the relationships of the minimal releasing of infected mosquitoes and the waiting time with the time delay, and the waiting time in relation to the sex ratio of released populations. Recently, impulsive differential equation has been widely introduced in modelling the control of epidemic diseases, integrated pest management and biological resource management (Hu et al. , 2009; Gourley et al. , 2007; Simons and Gourley , 2006; Tang et al. , 2015; Xu et al. , 2014) . Note that the releases of Wolbachia infected mosquitoes are carried out at regular pulse moments, instead of continuous time interval, in the field trials (Hoffmann et al. , 2011) . So a more realistically impulsive differential equation was proposed in our previous work (Zhang et al. , 2015b) . Because nearly an identical sex ratio of Wolbachia infected mosquitoes were augmented in some field trails (Hoffmann et al. , 2011) , we assumed M I /F I = M U /F U , and let
Denote that Wolbachia infected mosquitoes were augmented as the quantity series ϕ n > 0 at the corresponding impulsive point series (λ n > 0, n = 1, 2, ...).
Then the dynamics of augmented mosquitoes was described as follows.
where the items I(λ + n ) and U (λ + n ) denoted the densities of infected and uninfected mosquitoes after pulse releases at the time λ n , respectively. We revealed that it was impossible for the success of population suppression. The effects of the initial densities of mosquitoes, augmentation timings, augmentation quantities and numbers of augmentations on the success of population replacement were also investigated.
However, as mentioned in the introduction, the augmentation of Wolbachia infected mosquito is often carried out with a fix pulse period, and it does not always occur as identical sex ratio of male to female in some open field trials, for example the open field releases in Shazai Island, in Guangzhou (The Guardian , 2015) . So in order to investigate how mosquito augmentation with different sex affects the success of population suppression or replacement for the control of dengue transmission, based on model (1), we assume that the quantities of Wolbachia infected female and male mosquitoes are augmented as θ 1 > 0 and θ 2 > 0, respectively at pulse moments λ n (n = 1, 2, ...). Denote the augmentation period as a constant T and λ n+1 −λ n = T for all n (n ∈ N ). Then the release actions can be described as follows.
Based on the above, in order to investigate how the mosquito augmentation with different sex affect the success of population suppression or replacement for the control of dengue fever, in this paper we propose a four dimensional impulsive equations model to describe the dynamics of mosquito populations as follows.
where parameter meanings are the same as in models (1) and (4), and more details about parameter definitions are shown in Tables 1 and 2. 3 The stability and permanence of periodic solutions In order to realize the success of population suppression or replacement for the control of dengue transmission, it is necessary to analyze the existence and stability of periodic solutions of system (5). Note that system (5) with perfect transmission rate may lead to the success of complete population replacement. So in this section, based on system (5) with perfect transmission rate, we first study the threshold conditions for the existence and stability of Wolbachia mosquito established periodic solution (WEPS), then we obtain the condition for the permanence of Wolbachia uninfected mosquitoes. Before obtaining these key results, we first need to give the proof of Lemma 1 as follows.
Let τ = 1 for system (5), then its subsystem in the Wolbachia mosquito established subspace
For t ∈ (nT, (n + 1)T ], the solution of the above subsystem is solved as follows
, then we have
It follows from (8), denote (X, Y ) as one of its equilibria, then X and Y satisfy the following quadratic equations
where
Denote the invariants of the two conic curves as
For the curve L 1 , by simple calculation, we obtain I
(1) 1 < 0, I
(1) 2 < 0 and I
(1) 3 = 0, and it degenerates as two intersectant straight lines provided I
(1) 2 < 0, I
(1) 3 = 0. Based on the first equation of (9), the curve L 1 passes through three fixed points P 1 (x 1 , 0), P 2 (x 2 , 0) and P 3 (0, y 1 ), and one of its asymptote is X = x 3 with
Similarly for the curve L 2 , we have I
. It is also a hyperbola provided I = 0. Based on the second equation of (9), the curve L 2 passes through two fixed points P 0 (0, 0) and P 4 (x 4 , 0), and one of its asymptote is X = x 5 with
According to above analysis, there exists one intersection for the two curves in the first quadrant as show in Fig 1 if and only if x 2 > x 4 holds true, i.e.,
So when (10) holds true, there exists only one positive equilibrium E * 1 = (X * 1 , Y * 1 ) for system (8), which indicates its global stability. Based on the relationship between systems (6) and (8), there exists a unique interior periodic solution for system (6), denoted as (F I (t),M I (t)) with
When (10) is not formed, then there is no positive equilibrium for system (8), which indicates that the solutions of subsystem (6) may tend to infinity and it is not an expected result for mosquito releases in field trials. So in the work, we focus on analyzing system (5) when (10) holds true. Then we have the following Lemma. Lemma 1. When (10) holds true, for subsystem (6), there exists a unique positive T-periodic solution (F I (t),M I (t)), and for any solution (F I (t), M I (t)), we have F I (t) →F I (t) and M I (t) →M I (t) as t → ∞.
Based on Lemma 1, in the following, we mainly study the stability of the WEPS (F I (t),M I (t), 0, 0) and the permanence of Wolbachia uninfected mosquitoes for system (5) with perfect transmission rate. For convenience, we first admit (F I (t),M I (t), 0, 0) on every impulsive interval (nT, (n + 1)T ]. Then some notations are given, for example, A(t) be n × n matrix and Φ A(·) (t) be the fundamental solution matrix of linear ordinary differential system x (t) = A(t)x(t), then denote r(Φ A(·) (t)) as the spectral radius of Φ A(·) (t). Now we utilize the theory of Floquet multiplier to prove the stability of the WEPS. Let
, then we have the linear system of (5) at the WEPS as follows.
then we have
From the stability of (F I (t),M I (t)) for system (6), we have r(P e
so based on Floquet theory, the WEPS of system (5) is locally stable provided that R 0 < 1. Next we aim to prove that if R 0 > 1, then the permanence of Wolbachia uninfected mosquitoes. It means there exists η > 0 such that lim
First we prove the following claim: there exists a positive constant η such that lim
By the last two equations of system (5), we have
Consider the following comparison system
It is the same with system (6), system (16) exists a globally asymptotically stable positive periodic solutionx = (x 1 ,x 2 ) = (F I (t),M I (t)). By the comparison theorem, there exists t 2 > t 1 and 1 > 0, such that F I (t)
By the first two equations of system (5), we have
If 1 and η are sufficiently small, consider the following comparison system
V3(ν)dν . When R 0 > 1, there exists t 3 > t 2 such that u 1 → ∞ and u 2 → ∞ for all t > t 3 . Thus lim t→∞ R U = ∞ (R = F, M ), which contradicts to the boundedness of R U . So the claim is proved, i.e., lim
From the claim, there are two options for discussion.
If case (a) occurs, then we complete the proof. In the following, we consider option (b). Since lim
For system (5), when R 0 > 1 holds true, then its solution R I (t) (R = F, M ) is either finite or infinite. It means that there exist positive constants
So we have
U }, then η 1 > 0 cannot be infinitely small provided that n 2 − n 1 0 is finite. So
. By the same method, for t > t 2 , we can get a finite positive η 2 . In sequence, we can obtain the series η i , i = 1, 2...k..., with
For any η k , it is not be infinitely small provided that
Based on system (5), if one of the solutions R I (t) → ∞ (R = F, M ), then there exists a large enough constant G > 0 such that
Similarly, we can obtain the series η k , k = 1, 2, ..., k, ..., where
Therefore, based on above analysis, we have the following main results.
Theorem 1 When (10) holds true, for system (5) with perfect transmission rate (i.e., τ = 1), if R 0 < 1, then the WEPS (F I (t),M I (t), 0, 0) is locally asymptotically stable; if R 0 > 1, then Wolbachia uninfected mosquitoes are permanent, namely, there exists a constant η > 0 such that lim
Remark For system (5) with perfect transmission rate, when R 0 < 1, then the local stability of the WEPS indicates that it is possible to realize a complete (here also called high level) population replacement from some initial values. While when R 0 > 1, then the permanence of Wolbachia uninfected mosquitoes implies the failure of population replacement (here also called a low level of replacement) from any initial values.
this section, in order to realize a complete population replacement for the control of dengue transmission, it is necessary to investigate the existence of forward and backward bifurcations for system (5) following the scheme of Lakmeche and Aarino (2000) .
The release quantity of infected female mosquitoes θ 1 is chosen as bifurcation parameter instead of pulse period T in Lakmeche and Aarino (2000) . For convenience, we first introduce the following notations. Let
be a solution vector of system (5). The right side of the first four equations of system (5) is denoted as
and the impulsive effect is the mapping
Denote
) as the flow of the system associated to the first four equations of system (5), then
and denote D X Ψ as the derivation of Ψ with respect to X.
We fix all the parameters except for θ 1 and denote θ 0 as a critical release quantity of Wolbachia infected females, which corresponds to R 0 = 1. In the following, we focus on the bifurcation of nontrivial periodic solutions near to the WEPS X * = (F I ,M I , 0, 0), which starts from X 0 with release quantity θ 0 , then Φ 3 (X 0 ) = Φ 4 (X 0 ) = 0.
Based on the above notations, X is a T-periodic solution of system (5) if and only if its initial value is a fixed point for Ψ (θ 1 , X), i.e., Ψ (θ 1 , X) = X. For easy computation, we denote θ 1 = θ 0 +θ 1 and X = X 0 +X, then the fixed point problem is transformed as
Consider the variational equation associated with the first four equations of system (5), which is obtained by a formal derivation with respect to initial
where the initial condition
with E 4 and later E 2 denoting identity matrixes with fourth and second orders, respectively. Let the derivation of N be given by the following matrix
with O = (0, 0, 0, 0). A necessary condition for the bifurcation of a nontrivial periodic solution near to
In the following, when R 0 = 1 holds true, we investigate the sufficient conditions for the existence of nontrivial T-period solutions arising from bifurcation.
Denote 
with 
with a ij = a ij , i, j = 1, 2, 3, 4 for (θ 1 ,X) = (0, 0). The expression of each element in the above matrices is shown in Appendix 1. Since det[D X N (0, O)] = 0, it implies that there exists a constant such that a 43 = ka 33 and a 44 = 0, so we fail to use implicit function theory to obtain variable X as a function of θ 1 . Lyapunov-Schmidt reduction is considered as the following three steps so that we can utilize the implicit function theory (Golubisky and Schaeffer , 1985) . For convenience, denote D X N (0, O) = G as the matrix of a linear map.
Step 1: Decompose the R 4 space and utilize it into (24). From (29), we have dim ker G = 1 and codim(Im(G)) = 3. Denote G 1 and G 2 as the projects onto ker G and Im(G) respectively such that
, where 
(31)
Step 2: Employ the implicit function theorem on (31).
From (31), we have
Based on the implicit function theory, there exists δ > 0 sufficiently small and unique continuous functionsα i (i = 2, 3, 4) with respect to variablesθ 1 and α 1 , i.e.,α i =α i (θ 1 , α 1 ) such thatα i (0, 0) = 0 and
for every (θ 1 , α 1 ) with |θ 1 | < δ and |α 1 | < δ. Moreover we have
as shown in Appendix 3.
Step 3: Determine the Taylor expansion of N 4 (θ 1 , α 1 ) around (0, 0). Based on Step 2, N (θ 1 ,X) = 0 if and only if
. So the number of periodic solutions of system (5) is equal to that of solutions of (35). It is obvious that N 4 (θ 1 , α 1 ) vanishes at (0, 0), so we need to determine the Taylor expansion of N 4 (θ 1 , α 1 ) around (0, 0). It is necessary to compute higher order derivatives of N 4 (θ 1 , α 1 ) up to the order k for which D k N 4 (0, 0) = 0, then it gives (36) with k 1. First, we compute the first order partial derivations of N 4 (θ 1 , α 1 ), and we obtain
as shown in Appendix 4. So next, it is necessary to compute the second order partial derivations of N 4 (θ 1 , α 1 ), and define
From Appendix 5, we obtain A = 0,
(37) Therefore, we have
Note that
so the study of the equation N 4 (θ 1 , α 1 ) = 0 near (0, 0) depends on whether B = 0 or C = 0 holds true. If B = 0 (or C = 0), we can use the implicit function theorem and solve the equationÑ 4 (θ 1 , α 1 ) = 0 near (0, 0) with respect toθ 1 (or α 1 ) as a function of α 1 (orθ 1 ), which givesθ 1 = σ(α 1 ) (or α 1 = γ(θ 1 )). We deduce it as follows: for any α 1 (orθ 1 ) near 0, there exists σ(α 1 ) (or γ(θ 1 )), such thatÑ 4 (σ(α 1 ), α 1 ) = 0 (orÑ 4 (θ 1 , γ(θ 1 ) = 0) and σ(0) = 0 (or γ(0) = 0). If BC = 0, then the solutions of N 4 (θ 1 , α 1 ) = 0 imply α 1 /θ 1 −2B/C, which allows us to determine the sign ofθ 1 α 1 . While if BC = 0, then we cannot determine the solutions of N 4 (θ 1 , α 1 ) = 0 with respect toθ 1 and α 1 . So in this case, it is necessary to expand the third order partial derivation of N 4 (0, 0). Finally, we have the following conclusions.
Theorem 2 When (10) holds true, for system (5) with perfect transmission rate (τ = 1), if R 0 = 1 are satisfied, then as parameter θ 1 passes through the critical value θ 0 , a nontrivial periodic solution appears near the fixed point X 0 . The bifurcation is supercritical provided that BC < 0, while it is subcritical provided that BC > 0.
Note that the threshold R 0 decreases as θ 1 increases, so a supercritical bifurcation means a backward bifurcation in system (5), while a subcritical bifurcation corresponds to a forward bifurcation in the θ 1 − α 1 plane. Hence we have the following results.
Theorem 3 When (10) holds true, for system (5) with perfect transmission rate (τ = 1), if R 0 = 1 are satisfied, then as parameter θ 1 passes through the critical value θ 0 , a backward bifurcation occurs provided that BC < 0, while a forward bifurcation occurs provided that BC > 0.
Simulations
In this section, we first explore the uncertainty and sensitivity analysis of each parameter value on the two critical output variables (here R 0 and F I m defined in (39)), using a Latin hypercube sampling (LHS) method (Blower and Dowlatabadi , 1994; Marino et al. , 2008) , to understand the effects of different parameters on the success of population replacement (see Figs 2 and 3) . Senond we compare the regions and threshold values of backward bifurcations of system (5) with and without mosquito augmentation (see Fig 4) . Further, we carry out some numerical simulations to illustrate the effects of augmentation period and different tactics of mosquito augmentation on the success of population suppression or replacement (see Figs 5-12) . Numerical results are obtained by using parameter values given in Tables 1 and 2 .
Uncertainty and sensitivity analysis
Sensitivity analysis is performed by evaluating partial rank correlation coefficients (PRCCs) between each input parameter and output variable, which can determine the importance of parameters contributed to the value of outcome variable. Absolute values of PRCCs which belong to (0.4, 1), (0.2, 0.4), and (0, 0.2) indicate very important, moderate correlations and not significantly different from zero between input parameters and output variables, respectively. We perform the uncertainty and sensitivity analysis of each parameter in system (5) using LHS with 3000 samples. In the absence of available data on the distribution functions of input parameters, we choose uniform distributions for parameters with pulse control (i.e., θ 1 , θ 2 ) due to the lack of further information; while we choose normal distributions for parameters without pulse control (i.e., except for θ 1 , θ 2 ). The mean values and possible ranges of parameters are given in Tables 1 and 2 .
Note that the threshold value R 0 determines the stability of the WEPS and the existence of forward or backward bifurcation, which greatly impacts the success of population replacement. Define average net reproductive rate of infected females within one pulse period F I m as follows
where n is large enough to make sure the stability of the WEPS and F I m keeping as a constant. F I m affects the success and speed of population replacement. Therefore, we mainly study the contribution of each parameter of system (5) on the two outcome variables R 0 and F I m . Note that the explicit values of R 0 and F I m cannot be calculated in theory, we can numerically obtain them. Table 3 show the influence of each parameter of system (5) on the outcome variables R 0 . The first four parameters with most impact on R 0 are fitness cost D, the natural birth rate of Wolbachia uninfected mosquitoes b 1 , pulse period T and the strength of CI q. The ratio of natural birth rate of Wolbachia infected mosquitoes to uninfected ones α has a moderate impact on R 0 , while other parameters have slightly impact. Especially, decreasing D or increasing b 1 , α, d, q, T, θ 1 , θ 2 can lead to the decrease of R 0 , which is benefit to fulfill complete population replacement. Similarly, the contribution of each input parameter on the outcome variable F I m is shown in Fig 2(B) and Table 3 . F I m is most sensitive to parameters D and θ 1 , while others slightly contribute to it.
Fig 2(A) and
In order to analysis the sample results of the two outcome variables R 0 and F I m , we show the frequency and cumulative distributions of them with 3000 samples of LHS (see Fig 3) . From Fig 3(A) and (B) , the means for the two outcome variables are M R 0 = 0.1361, M F I m = −0.0104 with standard deviations SR 0 = 2.7462 × 10 −5 and SF I m = 1.9049 × 10 −4 , respectively. The coefficient of variation (CV) is calculated from the ratio of the standard deviation of a variable to its mean, which is applied to estimate the degree of concentration of the variable. We consider the frequency distribution for a variable to be dispersed if CV is greater than 10%, or to be concentrated otherwise. So Fig  3(A) and (C) indicate that the derived frequency of R 0 is quite concentrated (CV R 0 = 0.02% < 10%), with the minimum and maximum estimates being 0.0158 and 0.3175, respectively. Similarly, the frequency distribution for F I m ranges from −6.6834 to 0.0132 and is concentrated (|CV F I m | = 1.83% < 10%) as shown in Fig 3(B) and (D). The probability of F I m less than zero is larger than 90%, which indicates that for system (5) without pulse control (i.e., system (1)) in the given parameter regions, it is hard to realize the strategy of population replacement. Based on the uncertainty technique, the degree of prediction imprecision can be quantified by comparing the expected results of the two output variables with the observed results.
Backward bifurcation
Based on Theorem 3, when R 0 = 1 holds true for system (5) with perfect transmission rate, there exists a backward (or forward) bifurcation if θ 1 passes through the critical value θ 0 such that BC < 0 (or BC > 0). When R 0 > 1 holds true for system (5), there exists a forward bifurcation, and the solutions of system (5) may tend to an interior period solution (low level of population replacement) from any initial values. In order to study the region and the threshold value of backward bifurcation of system (5), it follows from Fig 4, we compare the change of the upper and lower bounds of the period solutions of system (5) to the change of the equilibria of system (1), with respect to R 0 (α) and R * 0 (α), respectively, (here R * 0 (α) (αdτ − D)/d denotes the threshold condition of the local stability of the boundary equilibrium of system (1), we omit the calculation). From Fig 4, when backward bifurcation of system (1) occurs (i.e., R * c 0 < R * 0 (α) < 1), the solutions of the system from different initial values have different stable states, which means that some solutions can stabilize at the Wolbachia mosquito eradicated equilibrium (i.e, the failure of population replacement), while others will stabilize at the Wolbachia mosquito established equilibrium (i.e., the success of population replacement). When backward bifurcation of system (5) occurs (i.e., R c 0 < R 0 (α) < 1), its solutions may tend to the WEPS (high level of population replacement) or interior period solution (low level of population replacement) depending on different initial values as shown in Fig 5. Compared with system (1), mosquito augmentation in system (5) not only reduces the quantity of Wolbachia uninfected mosquitoes, which is necessary for the control of dengue transmission; but also increases the threshold values of backward bifurcations from −0.05 to 0.75 and shrinks the region of backward bifurcation, which indicates the possibility of backward bifurcation is reduced by pulse mosquito augmentation to some extent. Note that the existence of backward bifurcation is not desired for the success of population replacement. Therefore, mosquito augmentation contributes to the effective control of dengue transmission.
When backward bifurcation occurs for system (5), we first can increase parameter α large enough such that R 0 less than a threshold value (R c 0 ≈ 0.75 as shown in Fig 4 ) , then the WEPS of system (5) is globally stable. Next we investigate the effects of initial densities of infected females and males with the same initial density of females, males or the same sex ratio on the success of population replacement, respectively, as shown in Fig 6(A) -(C). If initial densities F I (0), M I (0) or M I (0)/F I (0) are too low, the high level of population replacement cannot be achieved at all (see green and black curves). However, if initial densities increase enough, the solutions of system (5) will stabilize at the WEPS, which indicates that population replacement is achieved completely. Moreover, the more initial densities of the three indexes increase, the easier it is to realize complete population replacement (i.e. it is faster to stabilize at the WEPS), as shown the magenta, blue to red solution curves in sequence in Fig 6. Further note that nearly all the estimates of R 0 are less than one as shown in Fig 3, which indicates that when the samples of parameter values lie in the given parameter regions (see Tables 1 and 2) , there is a great chance for the success of high level of population replacement when there are enough mosquitoes augmented in a long enough time. However, in reality, it is impractical to implement pulse augmentation at infinite time intervals. So based on Fig 4, if the initial densities of Wolbachia uninfected mosquitoes are fixed, then we can obtain the basin of attraction of the two stable states with respect to the initial densities of infected females and males as shown in Fig 7. Therefore, mosquito augmentation is considered to alter their dynamic behavior such that the densities of Wolbachia infected female and male mosquitoes lie in the desired zone (i.e., the white areas in Fig 7) after finite pulse control. If so, the control of dengue diseases can be realized.
Effectiveness of mosquito augmentation with different strategies
To assess the effectiveness of mosquito augmentation on the success of population replacement for the control of dengue transmission, assuming that initial infected mosquitoes are zero because of dengue mosquitoes not naturally carrying Wolbachia in practice, and the number of pulse times are 14 or 20 with four pulses in one week (i.e., 3.5 or 5 months) based on some field trials (Hoffmann et al. , 2011) , we numerically display the effects of different pulse periods and the quantities of mosquito augmentation with different sex on the prevalence of mosquito populations in Figs 8-12 . In generally, the curves with circles represent the corresponding solutions with the number of pulses increasing from 14 to 20. For comparison, the black dotted lines denote the solutions of system (5) without pulse control. From Fig 8, although the pulse period is too large to realize the strategy of high level of population replacement after 14 pulses (see black and purple curves), with decreasing pulse period, increasing release amount or the number of pulses, high level of population replacement can be realized (see magenta curves or purple curves with circles). By continuing to decrease the pulse period, it is easier and faster to realize the high level of population replacement (see magenta, blue and red curves).
It follows from Fig 9 that uninfected female mosquitoes can die out when only Wolbachia infected males are released. Because only female mosquitoes contribute to the spread of dengue virus, it can be regarded as a special type of mosquito eradication compared with all classes of mosquitoes dying out. If the quantity of Wolbachia infected males released is too low, then the strategy of eradication will fail after 14 pulses. However, it can be realized by increasing either the number of pulses (20 pulses) or the quantity of infected males such that the densities of infected female mosquitoes tend to zero. When only infected female mosquitoes are released, Fig 10 shows the solutions of system (5) with different quantities of Wolbachia infected females released. If the quantity of infected females released is too low, then the strategy of high level of population replacement will fail after 14 pulses (see black and magenta curves). With increasing the number of pulses (20 pulses), it can be realized (magenta curves with circles). By continuing to increase the quantity of infected females released, it is easier and faster to realize the high level of population replacement (see blue and red curves). For Fig 11, when both infected females and males are released, with increasing the quantities of infected mosquitoes released θ 1 (or θ 2 ), there are similar results as in Fig 10. Especially, comparing Fig 9 with Fig 11, although there are low quantity of Wolbachia infected females released, it can lead to the strategies of dengue control changing from population eradication to population replacement. Assuming total mosquito augmentation fixed as a constant 2.2, Fig 12 shows the effect of different sex ratios of mosquito releases on the strategies of dengue control. Note that the ratio of Wolbachia infected females released is too small to realize the strategy of high level of population replacement after 14 pulses (see black and purple curves). However, with increasing the number of pulses to 20, it can be re-alized (purple curve with circles). If we continue to increase the ratio of the females released, it is easier and faster to realize the high level of population replacement (see magenta, blue and red curves).
Discussion
This paper develops a four dimensional impulsive system and explores how mosquito augmentation with different sex affects the success of population suppression or replacement for the control of dengue transmission. At first, we study the stability and permanence of periodic solutions of the system with perfect transmission rate. Considering the effects of forward and backward bifurcations on the success of population replacement, we obtain the conditions for the existence of the two bifurcations for system (5) by employing the bifurcation theory of Lakmeche and Arino. Moreover we compare the bifurcation diagrams of system (5) with and without pulse mosquito augmentation, as shown in Fig 4. Further uncertainty and sensitivity analysis is performed using a LHS method to show the influence of each parameter of system (5) on the outcome variables R 0 and F I m . In addition, we study the effects of initial density, pulse period and the quantity of mosquito augmentation with different sex on the success of the two strategies by numerical simulations.
Note that Aedes mosquitoes can not naturally carry Wolbachia, so before the tactics of mosquito augmentation, the initial density of Wolbachia infected mosquitoes are assumed to be zero. Based on Theorem 3, when BC > 0 holds true for the regions of parameter values, there exists a forward bifurcation for system (5). So the high level of population replacement can be achieved for any initial values if R 0 < 1. When BC < 0 holds true for the regions of parameter values, there exists a backward bifurcation for system (5). If the threshold R 0 is less than the critical value R c 0 , then the high level of population replacement can be realized for any initial values. If the threshold R 0 lies in the region of backward bifurcation (i.e., R c 0 < R 0 < 1), then high or low level of population replacement (the WEPS or interior period solution) for system (5) can be realized depending on initial values. On the one hand, we can decrease the fitness cost D or increase other parameters such that R 0 is less than the critical value R c 0 , then the backward bifurcation may vanish and the high level of population replacement can be realized for any initial values (Fig  4) . On the other hand, nearly all the estimates of R 0 are less than one in the given parameter regions, as shown in Fig 3, so the high level of population replacement can always be achieved when enough quantity of Wolbachia infected mosquitoes are augmented in a long enough time. However, in practice, it is impossible to implement pulse mosquito augmentation in the open field trials at infinite time intervals. For example, the strategy of mosquito augmentation is usually carried out in finite time intervals with finite number of pule times, such as 14 or 20 pulses during 3.5 or 5 months in some open field trials (Hoffmann et al. , 2011; The Guardian , 2015) . Therefore, when the initial densities of Wolbachia uninfected mosquitoes are fixed, it is necessary to increase enough the quantities of Wolbachia infected females or males, the proportions of Wolbachia infected females or the number of pulse releases in finite time intervals such that the densities of infected females and males can lie in the basin of attraction of Wolbachia mosquito established equilibrium (i.e., the white areas in Fig 7) after a finite number of mosquito augmentations (Figs 10-12) ). If so, we can realize a complete or high level of population replacement depending on whether or not the transmission rate is perfect. If R 0 > 1, we just realize a low level of population replacement and fail to realize a high level for any initial values. So if the release of infected females θ 1 or the ratio parameter α is increased such that R 0 < 1 (Fig 4) , then the high level of population replacement may be realized for some initial values.
Moreover, when only Wolbachia infected males are released with a large enough quantity, then the density of uninfected females tends to zero (see Fig 9) , which indicates the success of a special type of population suppression. However, although there are a little quantity of infected females released, it can dramatically change the strategy from population eradication to a high level of population replacement (see Figs 9 and 11), which indicates infected females act as seeds for the spread of Wolbachia strains, while infected males can reduce the density of uninfected females so that it is easier to realize a high level of population replacement.
Our model investigate the effects of different sex of mosquito augmentation on control strategies of dengue fever. In practice, the life cycle of mosquitoes undergos four different stages, such as egg, larva, pupa and adult. Different age stages possess different fertility and mortality rates, in particular the density-dependent competition in the larva stage. Moreover dengue virus is spread between human and mosquito populations by mosquito bites. Therefore, in the future work, it is reasonable to develop an epidemic model with pulse control, including human, mosquito populations with stage structure and Wolbachia bacteria. In addition, considering that mosquitoes have a proliferate in huge numbers under suitable temperature and humidity conditions in tropical and subtropical regions, alone pulsing mosquito augmentation cannot fight against the spread of dengue diseases. So it is necessary to study how to carry out an integrated pest management approach, i.e., mosquito augmentation together with pulsing insecticide treatments to block the transmission of dengue virus. First from (25) and derivative of a multivariate compound function, we have the expression of each element of D X N (θ 1 ,X) as follows
According to (26), we have the differential equations of derivations of Φ = (Φ 1 , Φ 2 , Φ 3 , Φ 4 ) for (θ 1 ,X) = (0, 0) with respect to X = (X 1 , X 2 , X 3 , X 4 ). Note that
So we obtain
for 0 t < T. Then we have
So the solution
, 2) of the above system for 0 t < T can be solved which is not identically equal to zero. Further, we have
We can solve the above equations and give the expression of solutions for the last four equations as follows
Thus the expression of each element of D X N (0, O) is as follows
(T, X 0 ),
Appendix 2. The second order partial derivations of Φ i , i = 3, 4 From (26), we have
with i, j, k = 1, 2, 3, 4. By simple calculation, it follows that
with the initial conditions
Solving (43) deduces that
Similarly, we can obtain that
Appendix 3. The partial derivation ofα i , i = 2, 3, 4 at (0, 0) First, we calculate the values of ∂α i (0, 0)/∂α 1 and ∂α i (0, 0)/∂θ 1 , i = 2, 3, 4. From (33), it follows
Since Y 1 is a basis of ker(D X N (0, O) ), then
Hence from (46) and (47) 
Solving (48) with respect to ∂α i /∂α 1 , i = 2, 3, 4 obtains
Again considering (33), we have
with i = 1, 3, j = 2, 4,α 5 = 0, X 0 = (X 01 , X 02 , X 03 , X 04 ) andX = (X 1 ,X 2 ,X 3 ,X 4 ). Hence based on (42) and (50), we can deduce that 0 =
Similarly, from (42) and (50), we can obtain that
Solving (51) and (52) 
Based on the first equation of (50), we have that
Substituting (40), (41), (44), (45) and (53) into (54) yields that
Then, we calculate the value of ∂ 2α 4 (0, 0)/∂θ 1 ∂α 1 . From the first equation of (50) and combination with (30), (40), (41), (44), (45), (49) and (53), we have
].
Thus we have
a 11 a 22 − a 12 a 21
Next, we calculate the value of ∂ 2α i (0, 0)/∂α 2 1 , i = 2, 3, 4. From (50) as i = 1, we have
Submitting (29) into (57) gives that
Similarly, we can obtain from (50) as i = 2, 3 that
Hence we can solve the roots of equations (58) and (59) (46), (51) and (52), we can calculate from (25) that
Substituting (47), (49) and (53) into (60) obtains
Appendix 5. The second order partial derivation of N 4 (θ 1 , α 1 ) (i) Calculation the value of A. According to the second equation of (50) as j = 4, we can easily get that
(62) Substituting (40), (41), (44), (45) (49), (53) and (55) into (62) obtains
(ii) Calculation the value of B. Similarly, based on the second equation of (50), it follows that
(64) Then substituting (53) and (56) into the above equation yields that
(65) (ii) Calculation of the value of C.
Similarly to (57), we have that
Submitting the roots of equations (58) and (59) with i = 4 into (67), we can obtain that (Zheng et al. , 2014; Walker et al. , 2011) The natural birth rate of W infected
See Table 2 (CD) −1 (Zheng et al. , 2014; Hughes and Britton , 2013) Probability of the offsprings infected with See (Hoffmann et al. , 2011) . Table 3 Partial rank correlation coefficients illustrating the dependence of the two variables (i.e., R 0 , F Im) with respect to each parameter. Parameter values of wMel (see Tables 1 
θ 1 =θ/6,θ 2 =5θ/6 θ 1 =2θ/6,θ 2 =4θ/6 θ 1 =3θ/6,θ 2 =3θ/6 θ 1 =4θ/6,θ 2 =2θ/6 θ 1 =5θ/6,θ 2 =θ/6 Fig. 12 The effect of releasing different sex ratios of Wolbachia infected mosquitoes on the solutions of female ones and their ratios for system (5). The total quantity of Wolbachia infected mosquitoes are fixed as a constant θ = 2.2, and the baseline parameter values are the same as in Fig 9. 
